TAP CHI KHOA HOC
Khoa hoc Tu nhién va Cong nghé

Nguyén Vin Phii (2023)
(30): 64 - 67

PINH NGHIA TOAN TU M-HESSIAN PHUC TRONG LOP HAM M-PIEU HOA
DUOI VOI DU KIEN BIEN E, (f,Q)
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Khoa Khoa hoc co ban, Truong Dai hoc Dién luc

Tém tdt: Trong bai bao nay, ching tdi chizng minh todn tiz m-Hessian phite xdc dinh trén

\6 céc ham m- didu hoa dudi vii gié tri bien En (€Y

Tir khéa: Ham da diéu hoa dudi, ham m- diéu hoa duwdi, todn tir Monge- Ampere phiic, toén

ter Hessian phuec, lop ham .
1. PAT VAN DE

Sy ton tai cua toan tor Monge — Ampere
dong vai tro trung tim trong 1y thuyét da thé
vi. E. Bedford va B. Taylor (xem [2], [3]) da
chi ra sy ton tai ciia toan tir Monge-Ampere
trén 10p cac ham da diéu hoa dudi bi chin
dia phuong voi mién gi tri trong 16p cac do
do khong am. Tuy nhién, mdt vi du cua
Kiselman (xem [8]) di chi ra rang khong thé
mo rong todn tr Monge-Ampere t&i toan bo
tdp cac ham da diéu hoa dudi tiy y ma van
c6 mién gia tri trong 16p cic do6 do khong
am. Do do, bai toan tim mién xac dinh cua
toan to Monge — Ampere thu hut sy quan
tdm cta nhiéu nha toan hoc. Trong [5,6], U.
Cegrell gidi thiéu cac 16p ham khong bi chan
dia phuong
E (Q).E.(Q),F (Q),F.(Q),E(Q) ma trén
d6 toan tir Monge-Ampere van xac dinh. Nim
2007, P. Ahag (xem [1]) da ching minh rang
toan tir Monge-Ampere van xic dinh trén 16p
cac ham E(f). Gan day, trong [4], Z. Blocki
gioi thiéu 16p cac ham m- diéu hoa dudi bi
chan dia phuong 1a m¢ rong cta 16p cac ham
da diéu hoa dudi bi chin dia phuong Vva toén
tr m-Hessian phitc (m¢ rong cua toan tur
Monge — Ampere phurc) xac dinh trén 16p cac
ham m- diéu hoa dudi bi chin dia phuong.
Tiép theo, trong [7], L. H. Chinh gidi thiéu 16p
c4c ham m- diéu hoa dudi khong bi chin dia
phuong EA(Q2),F, (€),E, (2) ma todn tr m-
Hessian van xac dinh. Tiép tuc huéng nghién
ctru trén, trong bai bao nay chung toi gidi thiéu
va ching minh toan to m-Hessian phuc xéac
dinh trén 16p cac ham véi1 gid tri bién
E.(f.9Y).

Bai bao duge bd cuc nhu sau: Trong muc
2, ching t6i nhic lai vé 16p ham da diéu hoa
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duoi duoc dua ra_ gin day boi U. Cegrell va
16p cdc ham m-diéu hoa dudi dugce gidi thi¢u
bdi Z. Blocki va L. H. Chinh. Trong muc 3,
chung t6i trinh bay két qua chinh cta bai béo.
2. MOT SO KHAI NIEM

Trudc tién, ching t6i nhic lai khai niém
ham da di¢u hoa dud¢i duoc gidi thi¢u bdi U.
Cegrell trong [5,6] nhu sau.

Pinh nghia 2.1. Vi Q 1a mién siéu 16i

trong C", ching ta ki hiéu

E, =E,(Q) ={p e PSH (Q) N L"(Q):
lim p(2) =0, [ (dd°p)" <o},

F =F (Q) ={pePSH(Q):3p, eE(Q),

;4 o trén Q sao cho sup, j(dd"goj )n <o},
E=E(Q)={pePSH (Q):Vz, eQ),Fw> z,,
@, €E(Q), ¢,V ¢ trén » sao cho

sup, _[(dd"(pj )n < oo},

Trong [6] U. Cegrell d3 ching minh rang
E(Q) 1a 16p 16n nhit ma trén d6 toan tir
Monge — Ampere xac dinh va lién tuc dudi
day giam cac ham da diéu hoa dudi. Hon nita,
néu UeE va KEQ thi ton tai ham u, € F
sao cho u=u, trén K.

Tiép theo, chung t6i nhéc lai khai niém
ham m- diéu hoa dudi dugc gidi thiéu boi Z.
Blocki trong [4] va LH. Chinh trong [7]. V&1
mdi 1SM<N_ching ta ki hiéu
T, ={77 € Cyy:nnp20,...,

ﬂm /\ﬂn—m > 0}’

voi C wy la ki hi€u ctia khong gian
cac (1,1) dang v6i hé ) héng.



Pinh nghia 2.2. Ham diéu hoa duéi u
trén tdp con mo QEC® duoc goi 1a ham m-
diéu hoa dudi néu voi moi 7,...7, , €T, ta
c6 bat dang thirc sau theo nghia dong

dduam A...Aan, ;AL 20.
Tap tit ca cac ham m- diéu hoa dudi trén
ki hidu 1a SH_(Q) va tap tit ca cac ham
m- diéu hoa dudi am trén Q ki hiu 1a
SH_(Q).

Néu u 1a ham tron dén cip 2 trén  thi
ap dung Ménh dé 3.1 trong [4] ta co u 1a ham
m- diéu hoa dudi khi va chi khi
(dd°u)* A 8" >0 voimoi k=1,...,m.

Dinh nghia 2.3.

Néu uy,...,u, € SH, () ML, (Q) thi toan
tr Hessian phtc H,_ (u,..,u;) dugc dinh
nghia nhu sau

Hy, (U, u) =dd U, A..Aaddy A ST

=dd®(u,ddu,; A...Addu A B"T).

Trong [4], Z. Blocki da chimg minh rang
H,(u,..,u,)la mot dong duong dong song
bac (n—m+ p,n—m+p) va lién tuc dudi day
giadm cac ham m- diéu hoa dudi bi chian dia
phuong.

Khi
U =u,=..=uU, =ueSH_(Q)NL;. (Q) thi do
do Borel H_(u)=(dd‘u)™ AB"™" dugc xac
dinh va goi 1a toan tdr m- Hessian phuc cua
ham u.

Dudi déy 1a cac 16p ham m- diéu hoa dudi
khong nhét thiét bi chan dia phuong ma toan
tr m- Hesian phtrc van xéac dinh duoc gidi
thiéu trong [7].

Pinh nghia 2.4. V6i Q 1a mién m- siéu
16i bi chin trong C®, chung ta ki hiéu

EC = E2(Q) ={u € SH,(Q) N L"():

lim u(z) = 0, [H,(u) <o},

Fo=Fn(@={ueSH,(@):3E 4 u,\u,
suijm(uj)<oo},

E,=E,(Q={peSH, (Q):vz, e,
Jw> 7,9, eErg(Q),goj dotrén o
sao cho sup; IHm(¢j)<w}.
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Chu ¥ riang khi m=n thi cic 16p ham
EA(Q),F,(Q),E, (QQ) trung twong Ung voi
cac 16p ham E,(€2),F (Q),E(Q) va

E, =E,(@Q ={peSH, (@):YoeQ,

dyeF (Q):w=¢ trén a)}

3. TOAN TU M-HESSIAN TRONG LOP
HAM E, (f,Q)

Gia st £ 1a mién m- siéu 15i bi chan
trong C», va f la ham gia tri thuc, lién tuc
trénoQ, 1 la do do khong am trén Q. Chung
ta dinh nghia bao U (x, f) nhu sau:

U,,(u, £)(2) =sup{u(z):u B, (4, )}

¢ do

B, (1, f) ={veSH (Q) L (Q):u<H (V)

limsup,_,. v(z) < (&), V& € 0Q}.
Tt Pinh nghia, ching ta c6 chinh quy hoa
ntra lién tuc trén
Un (s £) € By (41, ).
That vay, theo Bo d¢ Choquet, ton tai mot
day ham u; € B, (x, f), j €N sao cho
U, (s, T) = (sup{u;3)
Do d06, ta co
U (e £) e SH (@) ML,
D@ thay
limsup, ,. U, (i, f)< £(£),VEedQ.
Mait khac, dat
u =max, ., U,
thi ching ta c6
u U f)
hau khép noi khi k — . Theo Dinh Iy
2.10 trong [7] chang ta c6
H,(u*) = H, U} (x4 ).
Do do ta co
‘ Ho U (a1 1) 2 .
Diéu do cho chung ta khang dinh
U (u f) e B, (4, T).
Dinh nghia 3.1. Gia su
K e{E7 (), F,(Q),E, ()}
f :0Q — IR 13 ham lién tuc thoéa man
lim, .U (0, f)(2) = f(£),VE e
Ham m-diéu hoa u trén Q thudc 16p
K(f)=K(f,Q) néu ton tai mot ham peK
sao cho

Q) .

va



U, f)>uzep+U_(O, f).
Tir dinh nghia va tinh chit cia bao Perron
— Bremermann chung ta c6
U, (0, f) eE2(f) nC(Q).
D@ thiy, E°(f) < L”(Q).
Chu y rang K(0)=K va voéi ham f cho
trudc, chung ta ¢6 bao ham thue sau
En(f)cF.(f) cE,(f).
Ménh dé sau thé hién méi lién hé giira 16p
E.(f) va 16p E,. v
Ménh dé 3.2. Chung ta c¢6 cac khang dinh
sau day
(i) Néu f <0 vaueE (f) thi ta co
Uek,.
(i) Néu U€E, () thi ton tai mot hang
s6 C<0 thoaman U+CEE,.
(iii) Néu U €E, thi ton tai mot hang sb
d <0 thoaman u+dekE ().

Chirng minh.
(i) Tir Pinh nghia 3.1 ton tai ham @ e Ern
sa0 cho u>e+U (0,f). Pé y rang

U, f)eC(2) nén
U_(0,f)=U"(0, f)eB_(O, f).
Do d6, néu f <0 thi taco
U, (0, f) e SH-(Q) N L*(Q) €E, ().
(ii) Tir Pinh nghia tén tai ham ¢ € E, sao
chou=¢+U_(0, f). Do do6

u+c=2e+U_ (O, f)+c=p+min,U (0, f)+c.

Chon ¢ dii nhé dé c+min,U_(0, f) <0,
(iif) Ham
u—| Max; .o f(&)leE,(T).

Nhan xét: Tir (ii) ciia Ménh dé 3.2 chiing
ta c6 theé dinh nghia todn tor m-Hessian trén 16p
E.(f). Phan tiép theo ching toi trinh bay
dinh nghia toan tir m-Hessian trén 16p E, ()
theo cach cua Cegrell trong [5].

Dinh ly sau diy la mét dang mo rong cua
Dinh 1y 3.1 trong [7].

Pinh ly 3.3. Gia sir u€E_(f). Khi dé ton

tai mot day giam cdc ham [u;] < EX(f) hoi tu
diém dén u khi j tién téi +o.

Chirng minh:

Theo Dinh nghia chung ta c6 u€SH,, (®)]
va ton tai mot ham ¢ € E_(QQ) théa man
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U, f)>uzep+U_(O, f).

Theo Dinh 1y 3.1 trong [7] ton tai mot ddy
giam céc ham [p;]c E (Q) thoa min ¢, hoi
tu diém dén ham ¢ khi j tién té1 +°°. Vi moi
j ta dat

uj’: max(u, @; +U, (0, f)).

Khi do ket hop véi (1) ta c6 u; la day
glam cac ham m- diéu hoa dudi hoi tu diém
dén ham ukhi j tién t&i +oo.

D@ thay

U, f)>u; 29, +U_ (O, f).

Do d6 ta co [uj]cE,g(f).

Tiép theo ching toi phat biéu va chimg
minh DPinh 1y chi ra sy ton tai cta toan t&r m-
Hessian trén 16p cac ham E_(f).

binh ly 3.4. Gia su [u, 1cE(f) la day
gidm héi tu diém dén ham u € Em(f) khi j tién
16 +o0. Khi do H, (u;) hoi tu *yéu va do do
gioi han khong phu thuéc vao viéc chon day
[u;].

Chirng minh:

Theo Dinh nghia chiing ta c6 u € SH,, (QQ)
va ton tai mot ham ¢ € E_(€2) thoa man

U, f)zuzep+U_(O, f). 1)

Khong mét tinh tong quat co thé gia sur
rang <0 vinéu =0 thitaco

u=U_(0, f)eSH_ (Q)NL*(Q)

do d6 chon u; =U (0, f) v&i moij.

Chon Kc QK= 1a tap con compact
thy y trong Q.

Pé y rang U .0, f)e C(Q) ket hop véi
diéu kién <0 chung ta suy ra ton tai mot
hing s6 ¢ >0 sao cho

U, f)-a>ce (2
trén K, ¢ d6 hang s6
=0khimax,_,, f(£)<0
va
a=maX, ., f(Skhimax, ., f(£)>0
Tur (1) va (2) ching ta c6
u—a=1+c)p 3)

Theo Dinh 1y 3.1 trong [7] ton tai mot ddy
giam cac ham [gp;] < Erg(Q) thoa man ¢; hoi
tu diém dén ham ¢ khi j tién té1 +o0. V1 moi
j ta dat

v, =max(u; —«,(1+c)p;).



D& thdy v, eE(Q) va day [v;] la day

giam hoi tu di€ém dén ham
max(u —«, (1+¢)p) e E(QQ).
khi j tién t6i +©.

bé y réng tur (3) ching ta co

max(u—«, (1+C)p) =u—«a

trong mot 1an can cua K. Theo Pinh ly
3.11 trong [7] ching ta c6 H,,(v;) hdi tu theo
nghia *y€u cia do do va gidi han khong phu
thudc vao viéc chon day [v;]. Do K chon tuy y
néntaco H, (u; —a)hoi tu *ycu. Tur do ta co
H,,(u;)1a hoi tu *yeu va do do gidi han khong
phu thudc vao viéc chon day [u;].

Nhén xét: Tur Dinh 1y 3.3 ching ta c6 néu
ueE,(f)thi ton tai mot ddy gidm cic ham
[uj]cEg(f) hdi tu diém dén u khi j tién toi
+0. Theo Dinh 1y 3.4 ching taco H,, (u;) hoi
tu *yeu va do do gidi han khong phu thude vao
viéc chon day [u;]. Tir d6 ching ta nhén duge
Dinh 1y 3.5 dudi day ve sy ton tai cua toan tur
m-Hessian cua ham u €E_ (f) .

Pinh ly 3.5. Gia st ueE (f). Khi d6
chiing ta Dinh nghia d6 do gidi han trong Dinh
1y 3.4 chinh 1a toan tor m-Hessian ctia u va ki
hi¢ula H_(u).
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DEFINITION OF THE COMPLEX M- HESSIAN OPERATOR ON E_(f,Q)
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Abtract: In this article, we prove that the complex m- Hessian operator is well - defined on

E(f,Q).
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